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ABsTRACT. We consider a total variation type energy which measures the
jump discontinuities different from usual total variation energy. Such a
type of energy is obtained as a singular limit of the Kobayashi-Warren-
Carter energy with minimization with respect to the order parameter. We
consider the Rudin-Osher-Fatemi type energy by replacing relaxation
term by this type of total variation energy. We show that all minimiz-
ers are piecewise constant if the data is continuous in one-dimensional
setting. Moreover, the number of jumps is bounded by an explicit con-
stant involving a constant related to the fidelity. This is quite different
from conventional Rudin-Osher-Fatemi energy where a minimizer must
have no jump if the data has no jumps. The existence of a minimizer is
guaranteed in multi-dimensional setting when the data is bounded.
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2 Y. GIGA, A. KUBO, H. KURODA, J. OKAMOTO, AND K. SAKAKIBARA

1. INTRODUCTION

We consider a kind of total variation energy which measures jumps dif-
ferent from the conventional total variation energy. Let 2 be a bounded
domain in R” with n > 1. Let u be in BV(Q), i.e., its distributional deriva-
tive Du is a finite Radon measure in Q and let |Du| denote its total variation
measure. The total variation energy can be written of the form

TV(u) = f |Dul| + f lu* —u| dH",
Qv T

where J, denotes the (approximate) jump set of u and u™ is a trace of u from
each side of J,;; H"~! denotes the n— 1 dimensional Hausdorff measure. For
a precise meaning of this formula, see Section 2 and [AFP]. Let K(p) be a
strictly increasing continuous function for p > 0 with K(0) = 0. We set

TVK(u):f |Du|+fK(|u+—u_|)d7-(”_l.
Q\J, Ju

For a given function g € L*(Q), we are interested in a minimizer of

TViglw) = TV + Fw), 7 =5 f - g dx,
Q

where 4 > 0 is a constant. The term ¥ is often called a fidelity term. If
TVg = TV, the functional TV,(u) = TV(u) + ¥ (u) is often called Rudin-
Osher-Fatemi functional since it is proposed by [ROF] to denoise the orig-
inal image whose grey-level values equal g. For T'V,, there always exists a
unique minimizer since the problem is strictly convex and lower semicon-
tinuous in L*(Q2). We are interested in regularity of a minimizer of TV,
assuming some regularity of g. This problem is well studied for 7'V, started
by [CCN]. Let u, be the minimizer of TV, for g € BV(Q). In [CCN], it is
shown that J,, C J, and u} (x) — u; (x) < g*(x) — g~ (x) for H" '-a.e. x € J,.
In particular, if g has no jumps, so does u.. This type of results is extended
in various setting; see a reviewer paper [GKL].

In this paper, we shall show that a minimizer of 7'V, may have jumps
even if g has no jumps for some class of subadditive function K including

K@) =L

l1+p
as a particular example when € is an interval. This type of TV appears
as a kind of singular limit of the Kobayashi-Warren-Carter energy [GOU],
[GOSU]. Actually, we shall prove a stronger result saying that a minimizer
is a piecewise constant function with finitely many jumps for g € c(Q)
when Q is a bounded interval. Here is a precise statement.
For a function X : [0, c0) — [0, c0) measuring a jump, we assume that

{SIn}
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(K1) K is a continuous, strictly increasing function with K(0) = 0.
(K2) For M > 0, there exists a positive constant Cj,; such that

K(p1) + K(p2) =2 K(p1 + p2) + Cyp 102
for all py, po > 0 with p; + po < M. In particular, K is subadditive.

(K3) lim,0 K(p)/p = 1.
If K(p) = psothat TVg = TV, K satisfies (K1) and (K3) but does not
satisfy (K2). If K(p) = p/(1 + p), K satisfies (K2) as well as (K1) and (K3).
Indeed, a direct calculation shows that

pr_, P _ P+ 20102 _ P N (2 + p)p1p2
l+p 1+py 1+p+pipr 1+p (1+p)1+p+pip)
Thus, (K2) follows.

P = p1tp:2.

Theorem 1.1. Assume that K satisfies (K1), (K2) and (K3). Assume that
g € Cla,b]. Let U € BV(a,b) be a minimizer of TVi,. Then U must be a
piecewise constant function (with finite jumps) satisfying inf g < U < sup g
on [a,b]. Let m be the number of jumps of U. Then

m<[(b—a)d/Ay]+1,
where Ay = min{cy /M, 2C )y} with

0SClyp] 8 i= r[r;%(g - r[Elg]lg <M.

Here cy; is a constant such that K(p) > cyp for p € [0, M]. Here [r] denotes
the integer part of r > 0.

We note that we do not assume that g € BV(a, b). If g is non-decreasing
or non-increasing, we have a sharper estimate for m.

Theorem 1.2. Assume that K satisfies (K1), (K2) and (K3). Assume that
g € Cla, b] is non-decreasing (resp. non-increasing). Let U € BV(a,b) be
a minimizer of TVg,. Then U must be a non-decreasing (non-increasing)
piecewise constant function satisfying infg < U < supg on [a,b]. The
number m of jumps is estimated as

m<[(b-—a)d/Q2Cy)] +1
Jor M = osciap & = 18(D) — g(a)l.

To show Theorem 1.1 and also Theorem 1.2, we introduce the notion of
a coincidence set C, which is formally defined by

C ={xelab]| U =g}

{TMain}

{TMainMon}
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It turns out that a minimizer U of T Vg, is always continuous on C and
outside this set C, U is piecewise constant and

supU <supg, inf U > inf g. (1.1)
[a.b] [a.b] [a.b] [a,b]

Moreover, we are able to prove that U has at most one jump on (a,pf) if
(a,f)NC =0 and a,B € C. We also prove that if @, 8 € C with @ < S is too
close, U must be monotone on (a, ). Here, (@, ) may include some point
of C. To show these properties, it suffices to assume the subadditivity of K
instead of (K2). It includes the case TV, where K(p) = p so that TV is
the standard total variation.

We shall prove that if « € C and § € C with @ < B is too close, U
must be a constant on (a, ). A key step (Lemma 4.7) is to show that for a
non-decreasing minimizer U on (a, b) and a, 8 € C with @ < 3, the estimate

B—a>2Cy/A

holds provided that there is ¥y € C N (a,fB) and (y,8) N C = 0 and that
P2 :=UPB) —U(y) = p, := U(y) — U(a), where Cy, is a constant in (K2).
Here is a rough strategy to prove the statement. Since (y,8) N C = 0, there
is exactly one jump point x; in (y,8). We compare T Vk,(U) and T Vi,(v)
in (a,B), where v equals U(@) on (a, x;) and equals U on (x;,8). It is not
difficult to prove

TVg(U) = TVk(v) 2 K(p1) + K(p2) — K(p1 + p2) 2 Cup1p2 (1.2)
since p; + p2» < M by (1.1). The proof for
2
W) =F W) 2 —pipaxs - @) (1.3)

is more involved. It is not difficult to show
X1
f (U= -(-gldxz—pi(p1 +p)r1 —7). (1.4
Y

The proof for
Y
f ((U-9?-@-9¢?)dx2—ply-a) (1.5)

is more difficult. If g is non-decreasing, we are able to prove
gx)-U<Ux+0)-U(x,—0) for xe€F,

where F = [xy, x2] C [a,b) is a maximal closed interval (called a facet)
such that U is a constant in the interior int ' of F. For general F, one only
expects such an inequality just in the average sense, i.e.,

f (8(x) = U)dx < (U(xz +0) = U(xz = 0)) (x2 — xo). (1.6)

{EBO}
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The estimate (1.5) follows from (1.6). Combining (1.4) and (1.5), we
obtain (1.3) since p, > p;. The estimates (1.2) and (1.3) yield

TVKg(U) - TVKg(V) > P1P2 (CM - (Xl - Cl')/l / 2) .

If 5—a < 2Cy /A, U cannot be a minimizer. Similarly, we are able to prove
that if U is continuous on (a,f) with a,8 € C, then U is a constant on
(a,B). These observations yield Theorem 1.1. Theorem 1.2 can be proved
similarly to Theorem 1.1 by noting that a minimizer U is a monotone func-
tion.

We also give a quantative estimate for 7'Vk, for monotone data g €
Cla, b]. Itis easy to estimate T Vi, (u) for a piecewise constant u from below.
We approximate a general BV function u by piecewise constant functions
Uy, so that T Vi, (u,,) — T Vg,(u). Using such an approximation result, we
establish an estimate of 7' Vg, for a general BV function. We notice that
such an estimate gives another way to prove Theorem 1.2.

It is not difficult to prove that 7'V, is lower semicontinuous in the space
of piecewise constant functions with at most k jumps. Since the space is of
finite dimension, its bounded closed set is compact. By Weierstrass’ theo-
rem, T'Vg, admits a minimizer v among piecewise constant functions with
at most k jumps with inf g < v < sup g. Thus, Theorem 1.1 guarantees the
existence of a minimizer in BV(a, b). The existence of minimizer of T Vi,
itself can be proved for general essential bounded measurable function g,
i.e., g € L*(Q) for general Lipschitz domain in R” since it is known [AFP]
that 7'V is lower semicontinuous in a suitable topology. We shall discuss
this point in Section 2. Note that instead of (K2) subadditivity for K is
enough to have the existence of a minimizer.

We believe Theorem 1.1 extends for general g € L*(a,b). In fact, we
have a weaker version.

Theorem 1.3. Assume that K satisfies (K1), (K2) and (K3). For g € L*(a, b),
there exists a piecewise constant function U having at most

[(b—a)d [ Ay] +1

jumps and satisfying ess.inf g < U < ess. sup g on (a, b), which minimizes
TVg, on BV(a,b). Here, M > 0sC, ;) § = €ss.sup g — ess. inf g.

This follows from above-mentioned approximation result and Theorem
1.1. Since the uniqueness of minimizer is not guaranteed in general, there
might exist another minimizer which is not piecewise constant although it
is unlikely.

{TGen}
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As shown in [GOU], [GOSU], T Vi, is obtained as a singular limit (& | 0
limit) of the Kobayashi-Warren-Carter type energy [KWCI1, KWC2, WKC]

Exwe s v) := Exye(u, v) + F (1)

Exwe(u,v) := f sv2|Du| + E5m™», s>0
Q

ESm(v) = fIVvI dx+—fF(v) dx

by minimizing order parameter v; here F(v) is a single-well potential typ-
ically of the form F(v) = (v — 1)? and s is a positive parameter. In fact,
in one-dimensional setting [GOU], the Gamma limit of E%,,,,(v) under the
graph convergence formally equals

Eon(® = Y1200 +6&). 60 = | [ VF@ ag
i=1

if the limit of v in Q = (a, b) equals a set-valued function Z of the form

= 1, x¢X
ED =1 eLene ) for xes,

where X is some (at most) countable set. The Gamma limit of E}, . equals
Edyc.2) = Y (&0 | () — u ()] + 2(G&) + GEN))+ f |Dul,

i=1 Q\J,
where £, = max(¢,0) and x; € X. Here for u, L' type limit is considered. If
we minimize EQy,.(u, Z) by fixing u, £* must be one since [¢7,£*] 3 1 and
G(1) = 0. Thus

irsleIO(WC(u, ) = Y min(s) |ut(x) — u (x)] + 2G(€)) + f \Du

i-r &0 Q\y
~ Ve + [ 1ol
Q\J,
where
K(p) = min (s(6.Yp +2G(©)). (1.7)

In the case, s = 1 and F(v) = (v — 1)?, a direct calculation shows that
K +(E -1 —_
(p) = min(€p+ (¢ - 17°) = +1
We shall prove that K defined in (1.7) satisfies (K2) provided that
@F'(v) J(v=1)< oo

for F if F € C(R) is non-negative and F(v) = 0 if and only if v = 0.



MINIMIZING TOTAL VARIATION ENERGIES OF KWC TYPE 7

If we replace [ sv*|Du|by [ sv?|Dul?, the energy corresponding to Eweg
is nothing but what is called the Ambrosio-Tortorelli energy [AT]. Its sin-

gular limit is a Mumford-Shah functional
Evs(u, K) := sf IVul? + H"(K) + F (),
Q\K

where K is a closed set in Q [AT], [AT2], [FL]. The existence of a minimizer
is obtained in [GCL] by using the space of special functions with bounded
variation, i.e., S BV functions which is a subspace of BV (()).

A modified total variation energy T Vi is not limited to a singular limit of
the Kobayashi-Warren-Carter energy. In fact, T Vg (u) like energy is derived
as the surface tension of grain boundaries in polycrystals by [LL], where u
is taken as a piecewise constant (vector-valued) function; see also [GaFSp]
for more recent development. The function K measuring jumps may not
be isotropic but still concave. In [ELM], TV type energy for a piecewise
constant function is also considered to study motion of a grain boundary.
However, in their analysis, the convexity of K is assumed.

This paper is organized as follows. In Section 2, we give a rigorous
formulation of 7Vk and prove the existence of a minimizer of 7V, for
g € L*(Q) for a general Lipschitz domain in R”. In Section 3, we study a
profile of a minimizer U for T Vg, including TV, outside the coincidence
set. We also prove that U is monotone in (e, 8) with @, 8 € C provided that
a and B is close. In Section 4, we prove that a,8 € C cannot be too close
if K satisfies (K2). We prove Theorem 1.1, Theorem 1.2 and Theorem 1.3.
We also establish an estimate for 7'V, for monotone g. In Section 5, we
shall discuss a sufficient condition that K in (1.7) satisfies (K2).

2. EXISTENCE OF A MINIMIZER

In this section, after giving a precise definition of 7'V, we give an exis-
tence result for its Rudin-Osher-Fatemi type energy. The proof is based on
a standard compactness result for 7V and a classical lower semicontinuity
result for 7'Vk.

We recall a standard notation as in [AFP]. Let Q be a domain in R”. For
a locally integrable (real-valued) function u, we consider its total variation
TV(u) in Q is defined as

TV(u) = sup {f —udivepdx | ¢ € CO(Q,R"), |p(x)| < 1in Q} ,

Q
where C°(€2,R") denotes the space of all R"-valued smooth functions with
compact support in Q. An integrable function u, i.e., u € L'(Q), is called a
function of bounded variation if 7V (u) < co. The space of all such function

{SEx}
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is denoted by BV (Q), i.e.,
BV(Q) = {ue L'Q) | TV() < o}

By Riesz’s representation theory, one easily observe that 7V (u) is finite if
and only if the distributional derivative Du of u is a finite Radon measure
on  and its total variation [Du|(Q2) in Q equals 7V (u).

We next define a jump discontinuity of a locally integrable function. Let
B,(x) denote an open ball of radius r centered at x in R". In other words,

B,(x) =y eR"

ly — x| < r} .
For a unit vector v € R”, we define a half ball of the form
B (x,v) =y € B,(x) | £v- (y — x) 2 0},

where a - b for a,b € R" denotes the standard inner product in R". Let
w be a locally integrable function in €. We say that a point x € Q is a
(approximate) jump point of w if there exists a unit vector v,, € R”, w* € R,
wt # w~, such that

| 1 f
lim —— w(y) —w*|dy = 0.
o L (Bf(x, vy)) B:(x,vw>| ’ | ’

Here £" denotes the Lebesgue measure in R” so this integral is the average
of [w(y) — w*| over By (x,v,). The set of all jump points of w is denoted
by J,, and called the (approximate) jump (set) of w. By definition, J,, is
contained in the set S, of (approximate) discontinuity point of w, i.e.,

1
lim — [w(y) — z] dt = 0 does not hold

Sw=4x€Q
{x € ri0 L1 (B, (x)) B(x)

for any choice of z € R}.

By the Federer-Vol’pert theorem [AFP, Theorem 3.78], we know H n-1
(S,\J.) = 0, where H™ denotes m-dimensional Hausdorff measure pro-
vided that u € BV(Q). Moreover, S, is countably H" ! _rectifiable, i.e.,
S, can be covered by a countable union of Lipschitz graphs up to an H"~!
measure zero set. In particular, J,, is also countably H{"~!-rectifiable. Quite
recently, it is proved that J,, is always countably " !-rectifiable if we only
assume that w is locally integrable [DN]. For u € BV(Q), the value u* can
be viewed as a trace of u on a countably "~ !-rectifiable set [AFP, Theorem
3.77, Remark 3.79] except H"~! negligible set (up to permutation of u* and
u~). We now recall a unique decomposition of the Radon measure Du for
u € BV (Q) of the form

Du=D+D'u, Du=Du+w —u) v,y H" ' J,;
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see [AFP, Section 3.8]. The term D“u denotes the absolutely continuous
part and D°u denotes the singular part with respect to the Lebesgue mea-

sure. The term Du = Vul", where Vu € (Ll(Q))n. The singular part is

decomposed into two parts; Du vanishes on sets of finite "' measure.
For a measure y on Q and a set A C €, the associate measure u| A is defined
as

ULAW) = uANW), WcQ.

We now consider a total variation type energy measuring jumps in a dif-
ferent way. For u € BV (Q)), we set

TViu) := (TVg(u, Q) ::)f |Du| + f K(u" —u ) dH"".
Q\J, T

Here the density function is assumed to satisfy following conditions.
(K1lw) K : (0,00) — [0, o) is non-decreasing, lower semicontinuous.
(K2w) K is subadditive, i.e., K(p; + p2) < K(p1) + K(p»).

(K3) lim,_0 K(p)/p = 1.
Theorem 2.1. Assume that K satisfies (KIw), (K2w) and (K3). Let Q be
a bounded domain with Lipschitz boundary in R". Let & be a lower semi-

continuous function in L'(Q) with values in [0,00]. Then TV + & has a
minimizer on BV(Q) provided that a coercivity condition

inf (TVxk+&E)u)= inf (TVg+ E)u)
€eBV(Q) ueBV(Q)
[lsellco<M

u

for some M > 0, where ||-|| denotes the L*-norm.
We consider the Rudin-Osher-Fatemi type energy for 7'Vk, i.e., for g €
LX(Q),
A 2
TVie(u) :=TVg) +F ), Fw) =7 | lu-gldx.
Q

Theorem 2.2. Assume that K satisfies (KIw), (K2w) and (K3). Let Q be a
bounded domain with Lipschitz boundary in R". Assume that g € L*(Q).
Then there is an element uy € BV(Q) such that

TVk,(up) = inf T Vg, (u).
ke(Uto) ot ke(1t)
In other words, there is at least one minimizer of T V.

Proof of Theorem 2.2 admitting Threorem 2.1. In the case & = ¥, the lower
semicontinuity of & in L'(Q) is rather clear. If g € L(Q), then for a

{TEx1}

{TEx2}
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chopped function uy, = max (min(u, M), —M) with M > ||g||, We see that

2
E(T(u)_ﬂuM)):f lu — gl dx—f M — g* dx
u>M

u>M

+f |u—g|2dx—f |- M —g* dx > 0.
us-M us-M

Thus the coercivity condition is fulfilled, and Theorem 2.2 now follows
from Theorem 2.1. O

In the rest of this section, we shall prove Theorem 2.1 by a simple direct
method. We begin with compactness.

Proposition 2.3. Assume that (KIw) and (K3) are fulfilled. Assume that
Q is a bounded domain with Lipschitz boundary in R". Let {u};>, be a
sequence in BV(Q) such that

supTVg(ur) < oo and  sup||uglle < oo.
k>1 k>1

Then there is a subsequence {uy } and u € BV(Q) such that uy — u strongly
in L"(Q) and Duy, — Du weak* in the space of bounded measures. In other
words, uy is sequentially weakly* converges to u in BV ().

Proof. By (K1) and (K3), we see that for any M, there is ¢}, > 0 such that
Kp)=cyp for p<M. (2.1)
If M is chosen such that ||uy|l < M, then

1
TV(Mk) < TTVK(uk)
m
Thus {T'V(u;)} is bounded. By the standard compactness for BV(Q) func-
tion [AFP, Theorem 3.23], [Giu, Theorem 1.19] yields the desired results.
O

For a lower semicontinuity, we have

Proposition 2.4. Assume (KIw), (K2w) and (K3), then TV is sequentially
weakly* lower semicontinuous in BV (Q).

This is a special form of the lower semicontinuity result [AFP, Theorem
5.4]. We restate it for the reader’s convenience. We consider

F(u) = f ¢ (IVul) dx + BIDul(QQ) + f K(u" —u ) dH"".
Q\J,, Ju
Proposition 2.5. Let ¢ : [0, 00) — [0, 00) be a non-decreasing, lower semi-
continuous and convex function. Assume that K : (0, c0) — [0, o) is a non-
decreasing, lower semicontinuous and subadditive function and 8 € [0, 00).
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Then F is sequentially weakly* lower semicontinuous in BV (Q) provided

that
t K(t
lim 22 _ 5 = jim K@
oot 10t
See [AFP, Theorem 5.4]. Such a lower semicontinuity is originally due
to Bouchitté and Buttazzo [BB]. In our setting ¢(t) = ¢, 5 = 1.

Proof of Theorem 2.1. Let {u};., be a minimizing sequence of TVi + &,
1.e.,

Iim(T Vg + E)(uy) = inf (TVg + E).

k— o0 ueBV

By compactness (Proposition 2.3), {u;} contains a convergent subsequence
still denoted by {u;} to some u € BV(Q), sequentially weakly* in BV(Q2).
By lower semicontinuity of 7'V (Proposition 2.4), we conclude that

(T'Vk + E)u) < im(T' Vi + E)(uy).

k—oo

Thus, u is a minimizer of TVg + & in BV(Q). O

3. COINCIDENCE SET OF A MINIMIZER

In this section, we discuss one-dimensional setting and study properties
of coincidence set

C={xeQ|U® =gw)

of a minimizer U.

Let Q be a bounded open interval, i.e., Q = (a, b). We consider T Vi, (u)
for g € Cla,b] for u € BV(a,b). Since u can be written as a difference
of two non-decreasing function, we may assume that u# has a representative
that J, is at most a countable set and outside J,, u is continuous. Moreover,
we may assume that u is right (resp. left) continuous at a (resp. at b). For
x € J,, u(x £ 0) is well-defined.

For K, we assume

(K1) K : [0, 00) — [0, 00) is continuous, strictly increasing function with
K(0) =0.
We first prove that a minimizer U is piecewise constant in the place U > g
orU <g.

Lemma 3.1. Assume that K satisfies (K1) and that g € Cla,b]. Let U €
BV(a, b) be a minimizer of TVk,. Let xy € (a,b) be a continuous point of
U and assume U(xy) > g(xo) (resp. U(xy) < g(xg)). Then U is constant in
some interval (a, ) including xy and U(x) > g(x) (resp. U(x) < g(x)) for
x € (a,B). Moreover, we can take (a,3) such that one of following three
cases occurs exclusively.

{SCoi}

{LPic}
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(1) Ul@—-0) < gla) < Ul@+0) (resp. U@ —0) > g(a) > U(a +0))
and U(B - 0) = g(p),
(i) Ul@+0)=gla)and UB—-0) > g(B) > UB+0) (resp. UB—0) <
8B <UB+0)),
(i) U(a +0) = g(a) and U(B —0) = g(B).
In the case @ = a, we do not impose the condition g(a) > U(a — 0) (resp.
g(a) < U(a —0)) and similarly, g(B) > U(B + 0) (resp. g(B) < U(B +0)) is
not imposed for B = b since U(a — 0), U(B + 0) are undefined.

Proof. We shall only give a proof for the case U(xy) > g(xo) since the
argument for U(xy) < g(xo) is symmetric. We consider the case that U is
continuous on («, ) with U > g on (,8) and U(a + 0) = g(a), U(B - 0) =
g(B). We shall claim that U is a constant. If not, max, 5 U > minyz U.
There would exist two points x; and x; in [a, 8] such that U(x;) = ming, 5 U
and U(x;) = maxp,g U such that U(x) € (min U, max U) for x between
x; and x,. We may assume x; < x, since the proof for the other case is
symmetric. We set

_ U(X), x € (x1, x2),
V(x)‘{ UG, x¢ (..

where U is a continuous non-decreasing function on [x, x;] such that U(x) <
U(x) for x € (x,x) and U(x;) = U(x)), U(xy) = U(x,). Then F(v) <
FU)and TVg(v) = TV(v) < TV(U) = TVkg(U). This would contradict to
the assumption that U is a minimizer of T'V,. Hence, U is a constant and
case (iil) occurs.

Assume that there is a jump point @ of U with @y < xo with U(ag +0) >
g(ap). Then U(ay + 0) > U(ap —0). If not, d = U(ay — 0) — U(ap +0) > 0
and set

Ux)-d, xe€(ag-06ap
vx) = { U,  x¢ (a6 a)

For a sufficiently small 6 > 0, v(x) > g(x); see Figure 1. By definition,
TVk(v) < TVg(U) and F(v) < F(U). Thus U is not a minimizer of T Vi,.
Similarly, if there is a jump point 5y of U with xy < By, then U(5y — 0) >
UBy + 0).

We shall prove that U is continuous on (xg,) provided that U > g on
(@, B). If not, there would exist a jump point Sy of U with @y < xo < By <
satisfying U(x) > g(x) for x € (@, B0), U(ap+0) > g(ap), U(By—0) > g(Bo)-
We shall prove that such configuration does not occur. We first claim that
U(ag +0) = U(By — 0). By symmetry, we may assume that U(ay + 0) <
U(By — 0). Since we know U(By + 0) < U(By — 0), we take M such that

max (U(ag + 0), U(By + 0)) < M < U(By — 0).
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U

hi
FiGure 1. shiftof a jumpFS '

We set uy, = min(M, U) on (g, By). Outside (g, By), we set uy, = U. If
M is taken close to U(By — 0), then uy, > g on (ay,By) and uy(ay + 0) >
glap), uy(Bo — 0) > g(By); see Figure 2. Thus F(uy) < F(U) and by

LUy
M Z
\\v_
g
2 B F

. Ftrun
FiGure 2. a way of truncationl

truncation T Vg(uy) < TVg(U). This contradicts to the assumption that
U is a minimizer. Thus U(ag + 0) = U(By — 0). However, if so, take M
again close to U(ay + 0) and M < U(ay + 0), TVi(uy) < TVg(U) with
F (up) < F(U). This is a contradiction so if @ is a jump of U for ay < xo,
then there is no jump on (xo, 8) provided that U(x) > g(x). In other words,
U is continuous and satisfies U(x) > g(x) on [xy,8) and U(B — 0) = g(B).
We now conclude that U is constant on [xy,3) by using a similar argument
at the beginning of this proof.

Since there is a sequence of continuity point x; of U converging to g
as j — oo keeping x; > @, we conclude that U is a constant on (x;, ).
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This says that U is constant on (@, ). To say that this corresponds to (i),
it remains to prove that U(a — 0) < g(a). If not, U(a — 0) > g(@), then we
take

U(x), x & (g, ap + 0),
Ux-0), X =,

where d = U(ay + 0) — U(a — 0). Here,

max (U(x) —d, g(x)), x € (ay,ag+9),
v(x) =

3(x) = sup {g(y) - g(a0) | @ < y < x} + glav)
which is continuous and non-decreasing. Moreover,
TVk(v) < TVk(U) +m(g©), Fv) <FU)-6(d-3©)*,
where m(o) = sup {K(d +7)— K(d) | 0<t< 0'}; see Figure 3. Thus

Fmod
Ficure 3. modification of Ul mo

TVio(v) < TVio(U) + m(3(6)) = 6 (d — §(6))*.

Since g(6) —» 0 as 6 — 0, and m(o) — 0 as o — 0 by (K1), we conclude
that for sufficiently small 6 > 0, T'Vg,(v) < T Vi (U). We now obtain (i). A
symmetric argument yields (ii). The proof is now complete. O

For u € BV(a,b) and g € Cla, b], we set
C. ={relab]|u(x=0)=gx)}.
If C, = C_in (a, b), we simply write
C=C,UC.-

and call C the coincidence set of u. By Lemma 3.1, we obtain a few prop-
erties of C.
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Lemma 3.2. Assume the same hypotheses of Lemma 3.1 concerning K, g
and U. Let C. be defined for u = U. Then C_ = C, in (a,b), i.e.,, U is
continuous on the coincidence set C. If (x1,x;) N C = O with x;,x, € C.
then U is piecewise constant on (x1, X,) with at most one jump.

Proof. By Lemma 3.1 (i) and (i), we easily see that J; N C. = 0. Thus, U
is continuous on C.

It remains to prove the second statement. By Lemma 3.1, the value of
U on (x1, x,) is either g(x;) or g(x;). Moreover, if there are more than two
jumps, U must take value of g at some point x, € (x1, x2). In other words,
x, € C. This contradicts to C N (x1, xp) = 0. O

We conclude this section by showing that if two points @, € C with
a < B for a minimizer U is too close, then U must be monotone in (a, )
under the assumption that K satisfies (K1), (K2w) and (K3).

We first note comparison with usual total variation 7V and 7 V.

Lemma 3.3. Assume that K satisfies (K1), (K2w) and (K3). If u € BV(Q)
with Q = (a, b) is continuous at a and b, then

TVg(u) > K(p) with p = |u(b) —u(a)|.
Proof. We may assume that u(a) < u(b). By definition,

TVi(u) = D K(p;
(1) fwu| ul+ > K(p)

xi€Jy

where J, denote the jump discontinuity of # and p; = |u(x; + 0) — u(x; — 0)|
for x; € J,. We note that

f |Du| > p—Zpi ,
Q\J e ),

where J = {x e J,
see that

ux+0)—u(x-0) > O}. By subadditivity (K2w), we

%]

X,’EJ;

Z K(p) 2 K

x,-EJj,'

since K is continuous by (K1). By (K2w), we have

K(p) <2K(p/2) <--- <2"K(p/2") = (K(@)/q) p
for g = p/2™. Sending m — oo, we obtain by (K3) that

K(p) < p.

{LCPTK}



{ELES}

{TMon}

16 Y. GIGA, A. KUBO, H. KURODA, J. OKAMOTO, AND K. SAKAKIBARA

We thus observe that

TVi(w) zf IDul + ) Kipy) > [p— .o K Zpi]
Q\Jy X,'EJ; x,-eJ;' + x,'G.I;'
>Kllo= D 0| |+K| D) pi| = Kip).
xiely + x;i€J;
The last inequality follows from the subadditivity (K2w). m|

If we assume (K1) and (K3), we have, by (2.1),
K@) >cyp for 0<p<M, (3.1)

with some positive constant ¢y, depending only on M. We next give our
monotonicity result.

Theorem 3.4. Assume that K satisfies (K1), (K2w) and (K3), and that g €
Cla,b]. Let U be a minimizer of T Vi, in BV(a, b). Let a and B with a < 8 be
in C, where C denotes the coincide set. If U(a) < U(B) (resp. U(a) = U(B)),
then U is non-decreasing (non-increasing) provided that f — a < ¢y /(AM)
if osc g = max, g g — Ming, g g < M, where cy is a constant (3.1).

Proof. We first note that U is continuous at @, 8 by Lemma 3.2. Moreover,
if there is no point of C in (e, ), by Lemma 3.2, U is piecewise constant
with at most one jump in («, ). Thus, U is monotone.

We next consider the case that C N (a,5) # 0. We may assume that
U(a) < U(P) since the proof for the other case is symmetric. We shall
prove that

U(a) < U(xyp) <UPB)

for any xy € C N (a,B). Suppose that there were a point xy € C N (a, B) such
that U(a) > U(xg) or U(B) < U(xyp). We may assume that U(xy) > U(B)
since the proof for the other case is parallel. By Lemma 3.2, we see that
there is xo € C N (@, B) such that

U(xg) = max U.
(@8]

We take x; € C N (xp, 5] such that

U(x;) = min U,
[x0.81

see Figure 4. We now define a truncated function

| min(U(x),U(x1)), xE€[a,x]
V) = { U(x), x € (x1,].
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FChoi

FIGURE 4

We shall prove that 7 Vk,(v) < T Vg, (U) if p = U(xo) — U(x;) > 0. Since
U and v are continuous at x = xp and x;,

TVk(U) = TVk (U, (@, x0)) + TV (U, (x0, x1)) + TVg (U, (x1,8)),
TVk(v) = TVg (v, (@, x0)) + TVg (v, (x0, x1)) + TVk (v, (x,B)) -
Since T Vg does not increase by truncation, we see
TVg (U, (a, x0)) = TV (v, (@, x0)) .
Since v = U on (x1,8), we proceed
TVg(U)-TVg(v) 2 TVk (U, (x0, x))=T Vg (v, (x0, X1)) = TVg (U, (x0, x1)).
By Lemma 3.3, we observe that
TVg (U, (x0,x1)) 2 K(p) with  p = U(xo) = U(xy).

Thus by (3.1), we now obtain

TVx(U) = TVk(v) > cyp.
We next compare the values ¥ (v) and F (U). By definition, we observe

%(T(v)—T(U))=fl(g—V)zdx—fl(g—U)zdx

Sf plg—vI+lg-UDdx < (B - a)p2M.

The last inequality follows from the fact that the value of U must be between
ming, g g and max(,g g. We thus observe that

TVgg(U) = TVie(v) > cup — AB — a)pM = (cyp — AB — a)M) p.

If f—a satisfies B—a < ¢y /(AM), U is not a minimizer provided that p > 0,
1.e., U(xg) > U(xy). Thus, we conclude that U(xy) < U(pB).
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So far we have proved that U is non-decreasing on C. By Lemma 3.2,
we conclude that U itself is non-decreasing in [a, S]. O

4. MINIMIZIERS FOR GENERAL ONE-DIMENSIONAL DATA

In this section, we shall prove that a minimizer U is piecewise linear if
K satisfies (K1), (K3) and (K?2) instead of (K2w). In other words, we shall
prove our main result.

If we assume (K2), then merging jumps decrease the value TVg. How-
ever, ¥ may increase. We have to estimate an increase of ¥ .

4.1. Bound for an increase of fidelity. We shall estimate an increase of
fidelity ¥. We begin with a simple setting. We set for y € (a, ),

_ ) gl@), xela,y),
UH@—{ng x € [y, B;

see Figure 5. The fidelity of U} on (a,B) is still denoted by F(U), i.e.,

g

- 9(B)
p
9() 4 P
i ! ! P1
| -
a Yy B
FUGamma

FIGURE 5. profile of U} and gl

2 B
F(y) = ZT(U&') = fa |U(7)’ _g|2dx

for v € [a,B]. Since we do not assume that g is non-decreasing, g may be
very large on (a,y). Fortunately, we observe that g cannot be too large on
(@, y) in the average if F(y) is smaller than F(a + 0).

Proposition 4.1. Assume that g € Cla,B] and U} (@) = g(@), UJ(B) = g(B)
with p = Ug(ﬁ) - Ug(a) > 0. If y € a,B] satisfies F(a + 0) > F(y), then

Y 1
[ s ar< 3 @+ RE) -
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or
Y
f (80 - U3 (@) dx < ply - @)/2.
a

Proof. We observe that

Y
F(a+0) - F(y) = f {(g(B) - g))* = (g(a) - g(x))*} dx

a y
= —f p{2g — (gla) + g(B))} dx.

Since p > 0, F(a + 0) — F(y) > 0 implies that

Y Y
f 2g dx < f (8(@) + g(B) dx = (U (@) + UY(B)) (¥ - ).

O
We give a simple application. See Figure 5.
{LPert}
Lemma 4.2. Assume the same hypotheses of Proposition 4.1. Then, for
p1>0,
Y 2 Y 2
f (Ug ~p1 —8) dx—f (Ug —8) dx < pi(p1 + )y — @).
Proof. We may assume that U (@) = 0 by adding a const ant to both U]
amd g. The left-hand side equals
Y Y Y
sz(,o1 +g)2dx—f gzdx:plf {1 + 28} dx.
Since
Y
2f g(x) dx < p(y — @)
by Proposition 4.1, we end up with I < (o] + p1p)(y — a). m
{RCong}
Remark 4.3. In Proposition 4.1 and Lemma 4.2, we do not assume that
g < Uy(B) on (y,p) nor g > Ug(@) on (a,y).
We next consider behavior of g between two points of the coincidence
set where U is a constant.
{PFEC}

Proposition 4.4. Assume that K satisfies (K1), (K2w) and (K3). Assume
that g € Cla,b]. Let U € BV(a, b) by a minimizer of T Vi,. Let a, € [a, b)
be a < B and a,B € C. Assume that U is non-decreasing and there is
v € [a,B) N C such that U(y) = U(a) = g(a) and U(x) > U(y) for x > v.
Assume that there is p; € U(C) such that p; < U(B), p; | U(y) as j — oo.
Then, [ (g(x) - U(a))dx < 0.
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Proof. We may assume that U(a) = g(a) = 0 so that lim;_,., p; = 0. We set

vi(x) = { max (p;, U(x))’ aj:=a+(y-a)j<x
U()C), x < (l’j,

for j > 2; see Figure 6. Since U is a minimizer, by definition,

. ,«? vj //

— i i
a (Zj Y q]

FLFEC

FIGURE 6. v; and U!

TVie(vj) = TV, (U).
By Lemma 3.3,
TVg (U, (@.p) 2 TVk (U, (7)) + TV (U, (v.4))) + TVk (U. (q;.8))
>0+ K(p)) + TVk (U. (q;.P))
where ¢; € U™'(p;). Since
TVi (v, (@.B) = K(p;) + TVk (U, (g, b)),
TVie(v;) = TVie(U) implies that F(v;) > ¥ (U). In other words,

4qj
f (- ¢ -(WU-g’}dx20.

Dividing the region of integration (e, ¢;) by (,y) and (y, g;), we obtain
(2 2 i 2 2
f {&-pi-9 }dxsf {(p; - 9% = (U - 9} dx,
a; Y

i
or

Y qj
b, f Qg—-ppdr< [ (o= U)p; + U -2g) dx.

Y
Since U < p; on (7, g,), the right-hand side is dominated by

qj
pi | Ipi+U=2gldx < pjlg;—I(2p; + 2lgls).
Y
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Thus
Y
[ @e=pax<ia;-vi(2p;+ 20,

Y
fgdeO,

Sending j — oo yields that
since g; — vy by our assumption that U(x) > 0 for x > y and U is non-
decreasing. The proof is now complete. O

We say that a closed interval F is a facet of U if F is a maximal nontrivial
closed interval such that U is a constant on the interior int F of F. Let |F|
denote its length. We are able to claim a similar statement for each facet of
a minimizer U.

Lemma 4.5. Assume that K satisfies (K1), (K2w) and (K3). Assume that
g € Cla,b). Let U € BV(a,b) be a minimizer of TVk,. Assume that U is
non-decreasing. Let F =[xy, x;] with x| < b be a facet of U. Then

f(g(x)—U)de(U(xl +0)=-U(x; = 0))|F|/2. 4.1
F

Proof. We may assume U = 0 on F. By Lemma 3.1, F N C # 0. We set
a=1inf(FNC)
which is still in C since C is closed. By Lemma 3.1,
gx)<U(x)=0 on [x,@)

since U is non-increasing. If U(x; + 0) = U(x; — 0), then x; € C and U 1is
continuous by Lemma 3.2. Thus by Proposition 4.4,

f g(x)dx <0.

Thus, we obtain (4.1) when U does not jump at x; since we know g < 0 on
[x0, @).

If U(x; +0)—=U(x; —0) > 0, we may apply Proposition 4.1 and conclude
that

fﬂ gdx < U(x; +0)(x; —a)/2.

Again by g < 0 on [x, @), we conclude that

fm gdx < U(x; +0)(x; —a)/2 < U(x; + 0)|F|/2.

Since we know that g < 0 on [xy, @), the proof of Lemma 4.5 is now com-
plete. O

{LCGF}

{Ekey}



22 Y. GIGA, A. KUBO, H. KURODA, J. OKAMOTO, AND K. SAKAKIBARA

{TFidInc}
Theorem 4.6. Assume that K satisfies (K1), (K2w) and (K3). Assume that

g € Cla,b]. Let U € BV(a,b) be a minimizer of T Vk,. Assume that U is
non-decreasing. Let a,3 € C with @ < 8 < b. Then

el el
f(U(a)—gfdx—f(U—g)zdxsﬁ(ﬁ—a)

when p = U\B) — U(a) > 0.

Proof. If p = 0, a minimizer must be constant U(«) so the above inequality
is trivially fulfilled. We may assume p > 0.
As before, we may assume U(a) = 0 so that U(x) > 0. We proceed

B B B
fgzdx—f(U—g)zdx:f UQg - U) dx.

On the coincidence set C,

fU(zg—U)dx:fU2
C C

since g = U on C. On a facet F = [xg, x;], by Lemma 4.5,

fU(Zg— U)dx=U(x —O)f{(Zg —2U(x1 = 0)+U(x; —0)}dx
F F

SUGx =0)(Ux +0)=U(x; —0) + U(x; = 0)) |F]|
=Ux; —0)(U(x; +0) = U(x; = 0)) |F|
< p’|F]

since x; < 8 < b. We now conclude that

ﬁ [e5)
f UQ2g - U) dx < Zf UQ2g - U)dx+fU(2g— U) dx
@ i=1 F; C

N E f U dx < p? ) IFi+pIC]
i=1 ¢ i=1

Since (a,B) = Uz, F; U C with at most countably many facets {F;}, this
implies that

[ee)

&) B
fgzdx—f(U—g)zdxﬁpz(Z|Fi|+|C|):Pz(ﬁ—a)-

i=1



{SSNP}

{LLEN}

MINIMIZING TOTAL VARIATION ENERGIES OF KWC TYPE 23

4.2. No possibility of fine structure. Our goal in this subsection is to
prove our main theorem. In other words, we shall prove that a minimizer
does not allow to have a “fine” structure under the assumption (K2). At the
end of this subsolution, we prove our main theorem Theorem 1.1.

Lemma 4.7. Assume that K satisfies (K1), (K2) and (K3). Assume that
g € Cla,b). Let U € BV(a,b) be a minimizer of TVk,. Assume that U is
non-decreasing. Let a,B,y € C satisfya < a <y < < band UP) —
U(y) > U(y) - U(a) > 0. Assume that (y,) N C = 0. Then

B—a>2Cy/A
for M > osc, g 8 where Cy is the constant in (K2).

Proof. Wesetp; = U(y)—U(a), p» = U(B)—U(y). Since (y,B)NC = 0, by
Lemma 3.2, U has only one jump at x; € (y,8) and U = U(B) for x € (x1,),
U = U(y) for x € (v, x)).
We set U@ ( )
), x€(a,x),
v = { U, x¢ (@)
and compare TV (v) with TVg(U) on (e, B); see Figure 7. Then

g
E i P2
E L P1
: v |
| A S N
o 14 X1 B

GUV
FiGure 7. the graph of U, g and VF

TVg (U, (@, B) = K(p2) + TV (U, (., 7)) = K(p2) + K(p1)
by Lemma 3.3. Clearly,
TVk (v, (a,B)) = K(p1 + p2).
By (K2), we see that
TV (U, (a,B) = TVk (v, (@, B)) = K(p1) + K(p2) — K(p1 + p2) Z Cyp1p2.
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Since U minimizes L s |U — gl2 dx, we have, by Lemma 4.2,

[ W=~ 0-g?dr= pitor 4 pn -
Y

Since y < x; < b and U is a minimizer of TVk, on (e, x;), we have, by
Theorem 4.6,

Y
f {(U-g)?—(v=-g?}dx = —pi(y - ).

a

We now conclude that
TVie(U) = TVi(¥) = Cupipa = (0102001 =) + p1(y — @) A/ 2.
Since we assume that p; < p,, this implies that
TVio(U) = TVie(v) 2 p1p2 (Coy — (51 = )2/2) .
Since U is a minimizer, Cy; — (x; — @)4/2 < 0, we conclude that
B—a>x —a=>2Cy/A
O

From the proof of Lemma 4.7, we have a rather general estimate for U
defined at the beginning of Section 4.1.

Lemma 4.8. Assume that K satisfies (K1), (K2) and (K3). Assume that g €
Cla,pland M = osg, 5 8- Assume that p = g(B)—g(@) > 0 and x, € (@, B).
Let U be a non-decreasing function with U(a) = g(a), U(B) = g(B) which is
continuous at & and 8. Assume that (o, B) = U2, F; U C where F; is a facet
and C is a coincidence set with Fy = [xy,] and F, = [xo, x1], X0 € (@, x1).
(The set F; for i > 3 could be empty.) Assume that U(B — 0) = g(B) and
gB) — U(x; —0) := p, > p/2. Assume further that U satisfies (4.1) on each
F;fori > 3. Assume that F(x;) < F(a+0) for Ug'. If C contains an interior
point of F,, then

TVio(U) = TVio(U)') 2 p1p2 (Cyr — (x1 — @)2/2),
with p1 = p — p.

We are interested in the case that there are no jumps. We begin with an
elementary property of K.

Lemma 4.9. Assume that K satisfies (K2) and (K3). Then, p — K(p) >
CMPZ/ 2.
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Proof. An iterative use of (K2) yields
2 2 2
i <20(2)-culs] <2(ox(2)-cu 3f) ()

2 4 4 2
0 m 1 2
< 2’”1{(—)—0 2\ o1
o Mp ; 2
form = 1,2,.... Since 3., 27771 — 1/2 as m — oo, sending m — oo
yields
K(p) <p—Cyp*/2
by (K3). The proof is now complete. O

{LCont}
Lemma 4.10. Assume the same hypotheses of Lemma 4.7 concerning K

and g. Let U € BV(a,b) be a minimizer of TVg,. Assume that U is non-
decreasing and continuous on [a,B] C [a,b] with a,8 € C. Then U(a) =

U@g).

Proof. Suppose that U(a) # U(B) so that U(a) < U(B), there would exist
at least one p € (U(), U(B)) such that U~!(p) is a singleton {x} since U is
continuous. By Lemma 3.1, xo € C. Moreover, there is a sequence p; | p
(j — o0) such that U“(pj) is a singleton {x;}. This is possible since the set
of values ¢ where U~!(g) is not a singleton is at most a countable set. Since
U~!'(p) is a singleton, x; | xo. Again by Lemma 3.1, x; € C. We set

| p. X € (X(),X'),
vix) = { U(x), x¢ (xo,xj')-

By Theorem 4.6, we obtain
2
1 (T(Vj) - T(U)) < P?(Xj - Xo)

withp; = p; = p.
Since TV = TV for a continuous function, we see that

TVx (U, (xo, x{,-)) =pj.
By Lemma 4.9, we observe that
TVk(U) - TVk(v)) = pj = K(pj) = Cyp3/2, M > 05Ciap 8.
We thus conclude that
TVie(U) = TVie(v)) = (Cuap = 403(x; = x0)) /2 = p7 (Cia = Ax; = x0)) /2.

For a sufficiently large j, Cp — A(x; — x9) > 0 since x; | xo. This would
contradict to our assumption that U is a minimizer. Thus U(a) = U(B). O
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Theorem 4.11. Assume that K satisfies (K1), (K2) and (K3). Assume that
g € Cla,b]. Let U € BV(a,b) be a minimizer of TVk,. Let a,p € C with
a<a<f<b Assume that f—a < Ay /A with Ay = min{cy /M, 2Cy} and
0SClo51 & < M, where cy is in (3.1) and Cyy is in (K2). Then U takes either
U(a) or U(B) on [a,B] and it has at most one jump point in (a, 3).

Proof. By Theorem 3.4, U is non-decreasing in [«@,5]. We may assume
U(a) < U(B). If there is no jump, i.e., U € Cla, ], by Lemma 4.10, U is
not a minimizer so U must have at least one jump point in («, ). We take a
jump point x, such that jump size

U(X()+0)— U()CO—O) (> O)

is maximum among all jump size of U in (a,B). If U(xo — 0) = U(a),
U(xp + 0) = U(B), we get the conclusion. Suppose that U(xy — 0) > U(a).
We set

B =inf{x € (x0.8] | x € C},
Y= SUP{XE(af,xO]|x€C}.

By Lemma 3.1, ' > xp and y < xy. Since U(xy — 0) > U(a), we see y > a.
Since the jump at x, is a maximal jump, we apply Lemma 4.7 on («, ') to
get

B —a>2Cy/A,

which would contradict the assumption 8 — @ < Ay/A. We thus conclude
that U(xy—0) = U(a). If U(xy +0) < U(B), we consider —U(—x) instead of
U. We argue in the same way. We apply Lemma 4.7 and get a contradiction.
We thus conclude that U(xy + 0) = U(B). The proof is now complete. O

Proof of Theorem 1.1. By Lemma 3.1, inf g < U < sup g on [a,b] and C is
non-empty. We take an integer m so that

m>(b—a)l/Ay.

We divide [a, b] into m intervals so that the length of each interval is less
than A,//A and the boundaries of each interval [x(, x;] does not contain
a jump point of U. (This is possible if we shift xy, x; a little bit unless
Xo = a’, or x; = b’ since Jy is at most a countable set. If xo = a’ (resp.
x —b"), U must be continuous at xo = @’ (x; = ") since U is continuous on
the coincidence set C by Lemma 3.2.) If C N [xo, x;] is empty or singleton,
then U must be a constant on [xg, x;] by Lemma 3.1. We next consider the
case that C N [xp, x;] has at least two points. We set

@ =inf (C N [xp,x1]), B =sup(C N [xp,x1])

{TDis}
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and may assume o’ < f’. Since g/ — @’ < Ay/A, Theorem 4.11 implies
that U only takes two values U(xy) and U(x;) and has at most one jump on
(«’,"). By Lemma 3.1, U is constant on [xy, @’] and [5’, x].

We now observe that on each [xy, x;], U has at most one jump. We thus
conclude that U is a piecewise constant function with at most m jumps on
(a,b). O

4.3. Minimizers for monotone data. We shall prove that the bound for
number of jumps is improved when g is monotone. In other words, we shall
prove Theorem 1.2.

We first observe the monotonicity of a minimizer for 7Vg, when g is
monotone.

Lemma 4.12. Assume that K satifies (K1) and that g € Cla,b] is non-
decreasing. Then a minimizer of T Vg, (in BV(Q)) is non-decreasing.

Proof. Let U be a minimizer. We take its right continuous representation.
Suppose that U(xg) > U(yy) > g(yo) with some xy < yo. Then a chopped
function

v(x) = min (U(xo), U(x))
decreases both 7'V and the fidelity term so that
TVKg(V) < TVKg(U);

see Figure 8. Thus for U > g, U is always non-decreasing. A symmetric

a X0 Yo b
Ch
Ficure 8. chopped functionf

argument implies that U is always non-decreasing for U < g. If U is not
non-decreasing in (a, b), then it must jump at some x, with

U(xp+0)<g(xp) <U(xp—-0), U(xog—0)# U(xp+0).

{SSMo}

{LMon}
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Our competitor can be taken as

_ | min{U(x), g(xp)} for x < xg
YO) =\ max {U(x), g(xy)) for x> xp.

By definition, 7' Vg,(v) < TVg,(U) so such jump cannot occur for a mini-
mizer. Thus U is non-decreasing. O

Proof of Theorem 1.2. 1f g is monotone, a minimizer of T Vi, is automati-
cally monotone by Lemma 4.12. We don’t need to invoke Theorem 3.4 so
the bound ¢y, /M is unnecessary. Thus Theorem 1.2 follows from Theorem
1.1. O

It is not difficult to get a minimizer when g is strictly increasing for TV,
1.e.,
TVy(u) =TV(u) + F (u).
By Lemma 4.12, a minimizer U must be non-decreasing. (In this problem,

TV, is strictly convex and lower semicontinuous in L*(Q), so there exists a
unique minimizer.) We note that

TV(u) = u(b) — u(a)

provided that u is non-decreasing. We set d; = u(a) — g(a), d, = g(b) — u(b)
and a; = ¢! (u(a)), a» = g~' (u(b)). To minimize F (u), we take d, and d,

such that
A (4 )
dy = 5 lu(a) — gl” dx
/l '
d, = > u(b) — gl dx.

az

See Figure 9. Then the minimizer U must be

B
FiGURE 9. near the boundaryf



MINIMIZING TOTAL VARIATION ENERGIES OF KWC TYPE 29

U(x) = min {max (g(a) + dy, u(x)), g(b) — d>}

provided that g(a) + d; < g(b) — d,. This formation of a flat part near
the boundary occurs by the natural boundary condition. (In general, the
minimizer has no jumps if g is continuous for 7'V, (cf. [CL], [GKL]).)

In the case when g is monotone, we are able to prove a conclusion stronger
than Proposition 4.1.

Proposition 4.13. Assume that g € Cla, ] and U} (a) = g(a), U} (B) = g(B)
withp = UB) — U(a) > 0. If y € |a,p] satisfies F(a + 0) > F(y), then
g(x) = Uj(a) < p/2 for x € [a,y].

This easily follows from the next observation.

Proposition 4.14. Assume that g € C|a, 8] is non-decreasing. Then F(y) is
minimized if and only if g(y) = (g(@) + g(B)) /2.

Proof. A direct calculation shows that

v
F(y) = f U} — g dx

Y B
= f (x) = g(@) dx + f 18(8) — g(0)P dx.
« Y

Then
F'(y) =gy - g - 1g(B) - g)I*
= (g(@) + g(a) — 28(y)) (g(B) — g(@)) .
Thus, F takes its only minimum at (g(a) + g(8)) /2. O

We give a few explicit estimate of 7'V, for monotone function g to give
an alternate proof for Theorem 1.2.

We recall U}. We shall simply write U, by Uy if g(y) = (g(a) + g(B)) /2.
Note that such y always exists since g is continuous. It is unique if g is
increasing. In general, it is not unique and we choose one of such y. We
next consider a non-decreasing piecewise constant function with two jumps.
We set p = g(B8) — g(@) and 6 € (0, 1) and define

g(a), x € [a, x1)
Us(x) =3 gla) +6p, x€ [x1,x2)
g(B), x € [x2,8)
for x; < x, with x1, x; € (@, ). If F(Us) is minimized by moving x; and x,
by Lemma 3.1, there is a point yy € (xi, x2) such that Us(yy) = g(a@) + dp.
Moreover, by Proposition 4.14, F(Us) is minimized by taking x; = xj,
X, = x5, where x| and x} are defined by

g(x) = gla) +6p/2, g(x3) = (g(B) + gl@) +p) /2 = g(B) — (1 = 6)p/2,

{PConMo}

{PNF}



30 Y. GIGA, A. KUBO, H. KURODA, J. OKAMOTO, AND K. SAKAKIBARA

see Figure 10. Again x}, x may not be unique. We take one of them.

9B

p/2:F E

p/2{F

g(a)

= “"""""T"" -
1
M H
> i
e |
\ 1
) .
1
-
(=9}
©

UD
Figure 10. U, and U(;F

We shall estimate
TVio(Us) = TVig(Uy).

This can be considered as a special case of Lemma 4.8 since (4.1) is auto-
matically fulfilled by Proposition 4.13. However, the proof is clearer than

that of general g, we give a full proof.
{LFid}

Lemma 4.15. Assume that g € Cla,p] is increasing. Let v be a non-
decreasing piecewise constant function with three values g(a), g(a) + dp,

g(B) for 6 € (0, 1), where p = g(B) — g(@). Then

s ﬁ
f(Uo—g)2 dx—f(V—g)zde5(1—5)p2(,3—a)~

Proof. We may assume 6 < 1/2 by symmetry. For Us, we fix x; = x] and

X = x5. We first observe that x] < xo < x5. We calculate

5 X o]
f Us — glPdx = f l8(x) — g(a) dx + f - lg(0) — g(@) — 6ol dx

*

5
+f* 18(B) — g()F dx.

We shall estimate the second term of the right-hand side by dividing

X5 X0 X5
f = f + f = Il + 12.
X X X0
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For I;, we proceed

I - f g(x) — (@) dx = f —6p (2g(x) — 2g() — 6p) dx

1 1

> —6(1 = 6)p*(xo — x7)
since g(x) — g(a) < p/2 by 6 < 1/2 on (x}, xp) so that 2g(x) — 2g(a) — 6p <
(1 —9)p. Since

I = f 18 — ¢B) — (1 — 6)pP d,

X0

as for 11, we have

L - f 2 12(8) — g(X)I* dx > —5(1 — 5)p2(x§ — Xp).

X0

We thus conclude that

B B
f |Us — gl*dx — f |Up — gl*dx > —6(1 — 6)p*(x; — x7).
This yields the desired inequality for v since ¥ (v) > F (Us). |
We set p = g(8) — g(a) and

X5 = { v | v is a non-decreasing piecewise constant function
with three facets and v(@) = g(a@), v(B) = g(8). Moreover,

the value on the middle facet equals g(a@) + dp }

LND
Lemma 4.16. Assume that K satisfies (K1) and (K2). Assume that g € (LD}

Cla, Bl is non-decreasing. If g(B)—g(a) < M and C, := Cy—(B—a)1/2 > 0,
then

inf Vi, (v) 2 TVie(Up) + C.o(1 = S)p’
VEXs
for 6 € (0, 1), where p = g(B) — g(a).

Proof. Since TVg(Uy) is independent of the choice of xi, x,, we observe
that

inf TV, (v) = TViy(Us)
VEX§

with x; = x7, x, = x5. For p = g(B) — g(a), we set p; = dp, pr = (1 = )p so
that p; + p, = p. We observe that

TVg(Us) = K(p1) + K(p2), TVk(Uo) = K(p).
By (K2), we observe that
TVk(Us) > TVg(Up) + Cypi1p2
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for p < M. By Lemma 4.15, we conclude that
TV (Us) = TVg(Us) + F (Us)

A
> TVi(Uo) + Cupipa + F (Uo) = 58(1 - P’ (B - @)

= TVio(Uo) +6(1 = §)p* (Cy — (B~ @)2/2).

Thus
TVie(Us) — TViy(Ug) > C.5(1 = 6)p*
provided that (8—a)4/2 < Cy, 1.e., C, > 0. The proof is now complete. O

To prove Theorem 1.2 directly, we approximate a general function by a
piecewise constant function such that 7'V is also approximated.

Lemma 4.17. Assume that K satisfies (K1), (K3) and that Q = (a, b). For
any u € (L? N BV)(Q) with p > 1, there is a sequence of piecewise constant
functions {u,,} (with finitely many jumps) such that u,, — u in LP(Q) and
TVg(u,) = TVg(u) as m — oo.

Since u,, — u in L*(Q) implies ¥ (u,,) — F (u) when g € L*(Q), this
lemma yields

Lemma 4.18. Assume that K satisfies (K1), (K3) and Q = (a,b). For any
u € (L*> N BV)(Q), there is a sequence of piecewise constant function {u,,}
such that u,, — u in L*(Q) and TVio(ty) = TVige(u) as m — oo.

We shall prove Lemma 4.17 by reducing the problem when u is continu-
ous, i.e., u € Cla, b].

Lemma 4.19. Assume that K satisfies (K3) and Q = (a,b). For any u €
Cla,b] N BV(Q), there is a sequence of piecewise constant functions {u,,}
such that u,, — uin Cla,b] and TVx(u,,) = TVx(u) as m — oo.

Proof. For a continuous function u, T Vg(u) agrees with usual 7V(u). We
extend u continuously in some neighborhood if Q and denote it by 7. We
mollify u by a symmetric mollifier p.. It is well known that u, = u * p, is
C*in [a,b] and u, — u in Cla, b] as € — 0. Moreover, TV (u,) — TV (u)
[Giu, Proposition 1.15]. Since p, can be approximated (in C' sense) by
polynomials in a bounded set, we approximate u, by a polynomial with its
derivative in C[a, b]. Thus, we may assume that « is a polynomial.
For a given 7 > 0, we define a piecewise constant function

ul(x) =kn if knp<u(x)<(k+ 1)n.

We divide the interval (a, b) into finitely many subintervals {(ai,ai+1)}f:0
witha = ay < a1 < --- < a; < ag1 = b such that on each such an
interval u is either increasing or decreasing. This is possible since u is a
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polynomial. Let TV (u, (a;, a;+1)) denote the total variation of u in (a;, a;+1)
fori=0,...,¢. Then

0<TVu,(ajai1)—TV W, (a;,ai1)) <2n.

By the assumption (K3), we see that for any ¢ > 0 there is 179 > 0 such that
|n — K(n)| < on for n < ng. Since u is continuous, the size of jumps of u" is
always 1 so

[TV ", (a;,ais1)) = TV ", (a;, air1))| < 5TV(u,,, (ai, ai+1)) for 1 <no,

where we use the same convention to 7 V. We thus observe that

14
ITV() = TV < Y 20+ 8TV W', (@, a1)))
i=0
=206+ 1)+ 6TV < 2n(€ + 1) + 6T V(u).

Sending 7 — 0, we now conclude that

lin& |TV(u) — TV < 6TV (u).
7]—)

Since ¢ > 0 is arbitrary, the convergence TVkg(u") — TV(u) asn — 0
follows. By definition, u” — u in Cla, b]. The proof is now complete. O

Proof of Lemma 4.17. Since u is bounded by u € BV(Q), for any ¢ > 0, the
set J5 of jump discontinuities of ¥ whose jump size greater than ¢ is a finite
set. For any € > 0, we take 6 > 0O such that

Z K(u —u’|(x) <e.

)CGJH\J5

We may assume that J; = {aj}f.:1 with a; < a;1 and ap = a, gy = b. In
each interval (a;,a;,;), we approximate u in L? with continuous function
u;. We now apply Lemma 4.19 on each interval (a;, a ) to approximate u,
by a piecewise constant function .. Although the jump at a; is not exactly
equal to
" —ul(ay),

it converges to this value as 7 — 0 and € — 0. We now obtain a desired
sequence of piecewise constant functions. O

Remark 4.20. If u is non-decreasing, it is rather clear that u,, in Lemmas
4.17, 4.18, 4.19 can be taken as a non-decreasing function by construction.

We give a sufficient condition (Lemma 4.16) that a larger jump costs less
for TV, not only TV by giving a quantative estimate.

In the rest of this section, we give an alternate proof of Theorem 1.2
without using Theorem 1.1 by establishing a quantative estimate of 7 Vi,.
By approximation (Lemma 4.18), if there is a minimizer of T Vg, among

{RApMon}
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piecewise constant functions, this minimizer is also a minimizer of 7'V, in
BV. The existence of a minimizer among piecewise constant functions can
be proved since the number of facets are restricted. We shall come back
to this point at the end of this section. Unfortunately, this argument is not
enough to prove Theorem 1.2 since we do not know the uniqueness of a
minimizer. To show Theorem 1.2, we need a quantified version of Lemma
4.16. Let U, be a minimizer with one jump.

Lemma 4.21. Assume that K satisfies (K1), (K2) and (K3). Assume that
g € Cla,p] is non-decreasing. Let M be a constant such that p = g(8) —
gla) < M. Assume that C, = Cyy—A(B—a)/2 > 0. Let v is a non-decreasing
function on [a, 8] which is continuous at a and 8 and v(a) = g(a), v(B) =

g(B). Then
C 00 2 00 0 2
TVie) = = [[Z pi) - P [p - Zp,-] ) + TVieo(Up),
i=1 i=1 i=1

where p; = v(z; + 0) = v(z; = 0) > O and J, = {z;}2, (C (@, B)) is the set of
Jjump discontinuities. The non-negative term

vanishes if and only if p = p;, with some i.
We begin with an elementary lemma on a sequence.

Lemma 4.22. Let {m;};?, be an increasing sequence of natural numbers
and limy_,., my = oo. Let {pff} 1<i<m, be a set of non-negative real numbers.
Assume that

k—o0

1y,
s:=lims; >0 for s = pr‘
i=1

(1)
lim Z plok = 5212

k—o0
I<i, j<my

provided that lim;_,, p¥ = 0.
(i)
lim > plpk> > pip
k=0 1 < j<my, 1<i, j<my

provided that lim;_, pf.‘ =p; = 0.
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(i) Let I be the set of i such that p; = 0 and i ¢ I implies p; > 0. Then

lim Z PZFP];Z Z pipj + 5112 for s= s+ s, SI:ZPi
i=1

k=0 <j j<my 1<i, j<my
= (sf =D o+ si,J / 2.
P
Proof. (1) We may assume that p¥ > p& > ---. Since
my
>, sirk=[si- Str) |2
1<ij<my i=1
and

D <t Y Pl =plsi—0 as ko,
i=1 i=1

we obtain (1).
(i) This follows from Fatou’s lemma.
(i1) We divide the set of indices by / and /¢, the complement of /. Since

D, Aeh= Y eleie ) el
1<i, j<my 1<i<j<my 1<i, j<my
i.jel i.jel°
applying the results (i), (i) yield (iii).
O

Proof of Lemma 4.21. We may assume that g(8) > g(a). Let U be a mini-
mizer of T'Vk, on BV. Its existence is proved in Section 2. By Lemma 4.12,
U is non-decreasing. Moreover, by Lemma 3.2, U is a piecewise constant
outside the set

C=lxeQ|Uw =g

and each facet contains a point z such that U(z) = g(z) and U is continuous
at z. We set
a=infC, b=supC.

By definition, @ > @ and b < 8. By Lemma 4.12 and Lemma 3.2, g(a) <
U < g(B) and U is continuous at a and b. We approximate U on [a, b] by a
piecewise constant non-decreasing function u; with my + 1 facets by Lemma
4.19. Since U is continuous at @ and b, we may assume that u;(x) = g(a@)
for x > a close to a and u(x) = g(B) for x < b close to b. We denote jumps
bya; < ay < -+ < @y withm = m; + 1 and set h; = ui(a; + 0) with
convention that ay = a, a,, = b. We set

pi:hi_hi—l for i:1,...,mk
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which denotes the jump at each a;. We fix p; and minimize T Vi, on (a, b).
In other words, we minimize ¥ by moving a;’s. Let it be its minimizer. By
Proposition 4.14, facets of i, consist of

[a, x1], [x1, x20, ..., [ka—l, b]

with g(a;) = (g(x;) + g(xi41)) /2, i = 1,...,my — 1; see Figure 11 with xy =
ao, - - -, Xm—1 = a, = b. By this choice,

g'rap'h of g

N femm———————

QL
(=)

=
(=)

Q]
[aN

=
[aN

Q

3 Am-1 '\ am
Xm-1

PrU
FiGure 11. graphs of g and UIF :

T V[(g(lxtk) 2> TVKg(ﬁk).

We shall estimate T Vi, (it;) from below as in Lemma 4.16. For (a, x;), let
V; be a piecewise constant function on [a, x;] with one jump at the point y;
such that

g) =(gx)+g@) /2 and Vi(a)=gla), Vix) =u(x).

We set
‘/i(x), X € [aa xi)
u(x), x€[x;,b].

Wi(x) = {
We note that W, = V,,, = U,. Since C, > 0, we argue as in Lemma 4.16
and observe that
TVig(ity) =2 TVigg(W) + Cp102
= TVg(W3) + C.p3(p1 + p2) + Cop102

> TVie(Vn) + Co Y pip;=TVi(U)+C. D pip.

1<i, j<my 1<i, j<my



MINIMIZING TOTAL VARIATION ENERGIES OF KWC TYPE 37

From now on, we write jumps of u; by p¥ instead of p;. Our estimate for
T V(i) yields

TVig(uw) 2 TVig(Up) + C. Y. plph.
1Si,j$mk
Since u; — U in L? and TVi,(ux) — TVge(U), we observe, by changing
numbering of i in pff if necessary, that pﬁ.‘ — p; > 0as k — 0 for i such that p;
corresponds to jumps at z; of U and p* — 0 for other i’s. The convergence
of TV, prevents that two jumps with positive length merges at the limit
unless one of them tends to zero. Let I be the set such that pif — p; > 0. We
now apply Lemma 4.22 to conclude that
TVio(v) 2 TVigg(U) 2 TVio(Up) + im €. " plp

koo <ii<my

C. =
> TViy(Uo) + [si —~ ;p,? + sﬁc),

where s; = 2.2, pi < g(B) — g(@). Since

s%—Zp? >0 and s% >0,
i=1
the quantity

[Se]
2 2,2 _
s7 — E pi +5.=0
i=1

if and only if s¢. = 0 and (Z}’ilpi)2 = Y2, p7, e, I is a singleton, i.e.,
I = {ip} with some iy € [ and p;, = p. O

We conclude this subsection by proving Theorem 1.2 based on the quan-
tative estimate.

Alternate proof of Theorem 1.2. Again, we may assume that g is not a con-
stant. By Lemma 4.12, a minimizer U is non-decreasing. By Lemma 3.2,
at the place where C = {U(x) = g(x)}, the function U is continuous. Let
Q C [g(a), g(b)] be the set of ¢ such that

Iq:{x|q(x):q}, I;:{x61q|x>inf1q}

cr=c\|Jz.
q€Q
Since g is continuous, Cr is not empty by Lemma 3.1.
If we prove that Cr is a discrete set so that it is a finite set. Then, by
Lemma 3.1, U is a piecewise constant function. We shall prove that Cr is

are not a singleton. We set
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a discrete set. By definition, if x; < x; for x;, x, € Cr, then g(x;) < g(x).
Suppose that Cr were not discrete, then for any small &, there would exist
X1, X € Cr with x; < x, < x; + £ such that the interval (x;, x,) would
contain infinitely many element of Cr. Since U minimizes T Vi, on (x;x2)
with U(x;) = g(x1), U(xy) = g(x,), applying Lemma 4.21 to @ = x1, 8 = x»
to conclude that U must have at most one jump provided that € < 2Cy,/A.
This yields a contradiction so we conclude that Cr is discrete and U is a
non-decreasing piecewise constant function. The number of jumps can be
estimated since the distance of two points in C is at most 2Cy;/A. O

4.4. Application of approximation lemma. We shall prove Theorem 1.3.
We approximate g € L¥(a, b) by g, € C[a, b] such that g, — g in L*(a, b)
as { — oo and

ess.inf g < g, < ess.supg on (a,b)

forall ¢ > 1. Let u € BV(a,b) with TVi,(u) < co. By Lemma 4.17, there
is a sequence {u,} of piecewise constant functions such that 7Vg(u,) —
TVg(U) with uy — u in L*(a, b) as £ — co. We thus observe that {u,} is a
“recovery” sequence in the sense that TV, (1) — TVkg(u). Let U, be a
minimizer of 7V,,. By Theorem 1.1, the number of jump m, is bounded
by
me < [(b—a)d | QCy)] + 1 =m,
with M = osci.p & = 0sC.p 8- By compactness of a bounded set in a
finite dimensional space, U, has a convergent subsequence, i.e., Uy — U
with some U in L*(a, b) (and also with respect to weak* topology of BV).
Moreover, the limit U is still a piecewise constant function with at most m,
jumps. By lower semicontinuity of 7'V (Proposition 2.4), we see that
TVio(U) < lim TVi,, (Up) < lim TV (ute) = TVicg(w).
{— o0 {— 00
We thus conclude that U is a desired minimizer of T Vi, since u € BV(a, b)
is an arbitrary element.

5. A SUFFICIENT CONDITION FOR (K2)

We give a sufficient condition for (K2) if K is derived as a limit of the
Kobayashi-Warren-Carter energy, i.e., K is of the form (1.7).
We first consider a kind of Fenchel dual of a function f. We set

H(p) = inf (ox + f(x)) (5.1)

for a real-valued function f on [0, o). If we use the Fenchel dual, it can be
written as

H(p) = =f*(=p) = —sup ((=p)x - (%),
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where f(x) = f(x) for x > 0 and f(x) = oo for x < 0. We assume

(f1) f e C'(0,11n C[0,1];

(f2) f takes the only minimum 0 at x = 1. In other words, f(x) > 0 for
all x > 0 and f(x) = 0 if and only if x = 1;

(f3) f'(x) < Oforx e (0,1).

Lemma 5.1. Assume (f2). Then H(p) > 0 for p > 0 and H(0) = 0. Assume
Surther (f2) and (f3). Then H(p) < f(0) for all p > 0 and there is x,, € (0, 1)
for p > 0 such that H(p) = px, + f(x,) and H(p) is strictly increasing in
p. Moreover, x,, is strictly increasing and x, T 1 as p | 0. Furthermore, it
satisfies (K2) with K = H if f satisfies

lim (f o (—f")") (0) / p* > 0. (5.2) {EHC)

pl0

{LK2}

Here we define
(=)' (p) = min{x € [0, 1] | £'(x) = —p}.

Proof. The positivity for H(p) for p > 0 and H(0) = 0 is clear by the defini-
tion (5.1). Also, the existence in [0, 7] of a minimizer easily follows by (f1)
and (f2). Although x, may not be unique, x, T 1 as well as monotonicity of
x, 1s guaranteed by (f3). The bound H(p) < f(0) is rather clear.

It remains to prove that (5.2) yields (K2). Since x, is the minimizer, it
must satisfy

p = (=f)xp).
We take x, = (—f")"'(p) in Lemma 5.1. Since
H(p) = px, + f(x,)
by definition, we observe that for ¢ € (0, 1)
H(6p) = 6H(p) 2 p1%,, + f(x,,) = (8px,, +6f(x,,)) with p; = 6p

= (1 =0)f(xp,).
For p, = (1 — 9)p, we have

H((1-96)p) — (1 =6)H(p) = 6f(xp,).
We thus observe that

H(p1) + H(p2) — H(p) = (1 = 6)f(%x,,) + 61 (xp,).

By (5.2), we may assume that

(fo (=) () 2 Cup?

(5.3) ({EEH}
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with some Cj; > 0 provided that 0 < p < M. Thus

(1=0)f(x) = (1 =) (f o (1)) (1) = Cu(1 = )(6p)".
6f () = Cyd (1= 6)p)*
We now observe that
H(p1) + H(p2) = H(p) = Cy (1 = 8)60°6 + (1 = 8)5p°(1 - 6))
= Cu (1 - 6)0%) = Cuprpn.
We have proved (K2) for H. O

Lemma 5.2. Assume that (f1), (f2) and (f3). Then lim,ic H(p)/p = 0. In
other words, H satisfies (K3) with K = H.

Proof. Taking x = 1 in (5.1), we see that H(p) < p. We observe that
H(p) - p = min (o(x — 1) + f(x))

=p((x, = )+ f(x,) / p) or
H(p) ()

 l=x-1+ .
p g p

Since f > 0 and x, — 1 as p | 0, we conclude

lim(H—(p)—l)20+0,

pl0 P
which now yields (K3). O

Remark 5.3. (1) Without (5.2) we only get (K2w) since f > 0 and the
estimate (5.3).
@) If f(x) = |x— 1" for m > 0, then (5.2) holds if and only if m > 2. In
fact, f'(x) = mlx—1|"2(x—1) so that (—f)"'(p) = 1 - (p/m)"/ =D,
The function (f o (—f)™")(p) = (p/m)"/™" 50 (5.2) holds if and
only if m > 2.
(i) We may take other element of a preimage of —f" of p but as a suffi-
cient condition the present choice is the weakest assumption.

We come back to (1.7). In other words,

K(p) = min(p(&, +2G(©), G = ’ f VF(@) dr

We assume that
(F1) F € C[0, c0) and F takes the only minimum O at x = 1.
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If we set f(x) = 2G(x'/?), the property (F1) implies (f1), (f2) and (f3). Since
(5.2) is property near x = 1, (5.2) for f and G are equivalent. We thus obtain
an sufficient condition so that K in (1.7) satisfies (K1), (K2) and (K3)

Proposition 5.4. Assume (F1) and
lim (G o (-G)™") (p) / p* > 0. (5.4)
pl0

Then K in (1.7) satisfies (K1), (K2) and (K3).

Proof. By Lemma 5.1, conditions (K1), (K2) are fulfilled. The property
(K3) follows from Lemma 5.2. O

We conclude this section by examining the property (5.4). The left-hand
side is equivalent to saying that

1

lim VFE(1) dt | p* > 0,

pl0 JF-1(p?)
where F~'(p*) = min {x € [0, 1] | F(x) = pz}. We set
F(x) = F(1 - x).
The condition (5.4) is now equivalent to
F*l(p2) -
lim JF@ dt | p* >0, (5.5)
pl0 YO

where F~!(y) = max {x €(0,1) | F(x) = y}. To simplify the argument, we
further assume that

(F2) F/ < 0in (0,1) so that the inverse function F~! in (0, F(0)) is
uniquely determined.

If we assume (F1) and (F2), by changing the variable of integration 7 =
F~1(s?), we have

F*l(pZ) /)2 dT ,02
VE@dr= | sSds= | 22y ds.
f(; (t) dr L stdS f s (F)(s7) ds

0
The condition (5.5) is fulfilled if

limo(F 'Y (o) >0
al0

or equivalently
lim F’ n n < oo,
nl0 ( ) /

We thus obtain a simple sufficient condition.

{EKSu}

{EFban}
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{TSuff}
Theorem 5.5. Assume that (F1) and (F2). Then K in (1.7) satisfies (K1),

(K2), (K3) provided that

@F'(x)/(x— 1) < 0.
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